Abstract. Let E be an elliptic curve defined over a number field K with supersingular reduction at all primes of K above p. If K∞/K is a Zp-extension such that E(K∞)[p ∞ ] is finite and H 2 (G S (K∞), E[p ∞ ]) = 0, then we prove that the Λ-torsion subgroup of the Pontryagin dual of Sel p ∞ (E/K∞) is pseudoisomorphic to the Pontryagin dual of the fine Selmer group of E over K∞. This is the Galois-cohomological analog of a flat-cohomological result of Wingberg.
Introduction
If A is a Hausdorff, abelian locally-compact topological group we denote its Pontryagin dual by A * . Let Γ be a pro-p group isomorphic to Z p and let Λ = Z p [[Γ]] be the completed group ring. If A is a finitely generated Λ-module, we let T Λ (A) denote its Λ-torsion submodule. Also we letȦ be the Λ-module A with the inverse Λ-action: γ · a = γ −1 a for a ∈ A, γ ∈ Γ. We denote T Λ (Ȧ) byṪ Λ (A). We now define the p ∞ -Selmer group and the fine p ∞ -Selmer group. Assume that p is a prime, F a number field and E is an elliptic curve defined over F . Let S be a finite set of primes of F containing all the primes dividing p, all the primes where E has bad reduction and all the archimedean primes. We let F S be the maximal extension of F unramified outside S. Suppose now that L is a field with F ⊆ L ⊆ F S . We let G S (L) = Gal(F S /L) and S L be the set of primes of L above those in S. We define the p ∞ -Selmer group of E/L as
Also we define the fine p ∞ -Selmer group of E/L as
The goal of this paper is to prove the following result Theorem 1.1. Let K be a number field, E an elliptic curve defined over K and p a rational prime such that E has good supersingular reduction at all primes of K above p. Let K ∞ /K be a Z p -extension such that every prime of K above p ramifies and such that:
. Then there exists a pseudo-isomorphisṁ
Wingberg ([23] corollary 2.5) has proven a similar theorem stated in terms of flat cohomology rather than Galois cohomology. Although it may appear that the above theorem follows from Wingberg's result, the author has found difficulties in attempting such a deduction. The following arguments illustrate the potential obstacles. I would like to thank K ֒ estutisČesnavičius for his help with these arguments. Let E and K be as in the theorem and let E be the Néron model of E over O K .
As a first step to attempt to deduce the above theorem from Wingberg's result, one would hope to show that Sel p ∞ (E/K ∞ )
* and H 1 (O ∞ , E[p ∞ ]) * are pseudoisomorphic (where O ∞ is the ring of integers of K ∞ ). In hope of showing the existence of such a pseudo-isomorphism, one may use the results ofČesnavičius's paper [3] as they are relevant. Assuming that no prime v of K where E has bad reduction splits completely in K ∞ /K, the proof of [3] prop. 5.4 together with [3] prop. 2.5 show that the difference between the groups Sel p ∞ (E/K n ) and
) is finite and bounded with n. This proves that Sel p ∞ (E/K ∞ ) * and
* are pseudo-isomorphic in this case. However in the case when a prime v of K where E has bad reduction splits completely in K ∞ /K, this argument can fail and hence it is unclear that a pseudo-isomorphism exists in this case.
Now we turn to the group
* . Let S ∞ be the set of primes of K ∞ above those in S. In order to invoke Wingberg's result, one would need to show that
* is Λ-torsion. In order to try to show this, one would first identify
where O ∞ − S ∞ is the localization of O ∞ away from S ∞ (modulo a limit argument, such an identification is shown in appendix A to [4] ). From the flat cohomology with support sequence we have an exact sequence
Under the conditions of theorem 1.1
and so the map θ is a surjection. Therefore in order to show that
* is Λ-torsion, one needs to get a handle on the Λ-corank of both
) and ker θ. The latter group seems difficult to handle so we will only discuss the former. We have
. For any v ∈ S ∞ by excision ( [7] lemma 2.9) and [7] lemma 2.6 we have an isomorphism
where O ∞,v is the ring of integers of K ∞,v . By the flat cohomology with support sequence we have a map
Combining the above observations we get a map
is not Λ-cotorsion (see [10] prop 1), therefore it is unclear whether img φ and, in turn, img θ is Λ-cotorsion.
The above arguments illustrate the difficulties in attempting to deduce theorem 1.1 from Wingberg's result. Everything is done in this paper with Galois cohomology. Our method of proof generally follows Wingberg's with major differences being that all exact sequences arising from the spectral sequences of Schneider [20] are replaced with sequences arising from the snake lemma together with the Kummer sequence. The other difference is that the Artin-Mazur duality of flat cohomology groups is replaced with the Poitou-Tate duality of Galois cohomology groups.
The following proposition shows that condition (i) in theorem 1.1 is a mild one. As the proposition shows, all elliptic curves without complex multiplication satisfy condition (i) in the theorem. For elliptic curves with complex multiplication a slightly weaker version of theorem 1.1 is given in [1] . 
This clearly contradicts Serre's theorem. In the second case K(E[p ∞ ])/K is a subextension of K ∞ /K and hence must be an abelian extension. This also contradicts Serre's theorem.
(ii) Follows from Ribet's theorem [19] (iii) Suppose thet p is odd and splits in K/Q. Choose a prime v of K above p. Since E has supersingular reduction at v, we have
whereÊ is the formal group of E/Q p . By [22] ch. 4 th. 6.1Ê(pZ p ) has no p-torsion if p is odd so
Proof of Theorem
Theorem 1.1 will be proven in this section. The proof will be broken up into a number of propositions. We keep all the definitions and notation from the introduction and furthermore denote Γ p n by Γ n . Let A be a finitely generated Λ-module. We let T Λ (A) and T µ (A) be the Λ-torsion submodule and Z p -torsion submodule of A respectively. Then define T λ (A) := T Λ (A)/T µ (A). As in the introduction, we use the notationṪ − (A) = T − (Ȧ). We have the following lemma of Wingberg ([23] lemma 1.1) Lemma 2.1. Let A be a finitely generated Λ-module. Then we have pseudo-
where the inverse limits are taken with respect to multiplication-by-p resp. canonical surjection and the norm map resp. canonical surjection.
Now let F be a number field, S a finite set of primes of F and B a finite G Smodule whose order is only divisible by rational primes lying below primes in S. Define B ′ := Hom(B, µ) where µ is the group of all roots of unity in C. We let F S be the maximal extension of F unramified outside S. Suppose now that L is a number field with 
where
Now if E is an elliptic curve defined over F , p a rational prime and S a finite set of primes of F containing all primes dividing p, then for any n ≥ 0 the Weil pairing together with the above pairing give a perfect pairing
Now let L ′ be a finite extension of L contained in F S . The definition of this pairing (see [17] theorem 8.6.7) shows that it is induced by the cup product. Therefore for
is the corestriction map and res :
is the restriction map. The following theorem is well-known (see for example [18] prop. 1.3.2). Using the above pairing and a control theorem, we will present another proof of this theorem Theorem 2.2. Let K be a number field, p a rational prime, K ∞ /K a Z p -extension and E an elliptic curve defined over K. Let S be a finite set of primes of K containing all the primes dividing p, all the primes where E has bad reduction and all the archimedean primes. Then
If p is odd and no prime in S splits completely in
Proof. First we prove the second statement. So suppose that p is odd and no prime in S splits completely in K ∞ /K. Let w be a prime of K ∞ above a prime v is S.
. Now we prove the first statement. By the restriction-corestriction property of the pairing (2), the Pontryagin dual of
where K n is the fixed field of Γ n and the inverse limit is taken over m with regards to multiplication-by-p and over n with regards to corestriction. Therefore we see that to prove the first statement, we only have to show that lim ← − n,m
Consider the group lim ← − n,m
where the inverse limit is taken over m with regards to multiplication-by-p and over n with regards to the norm map. According to [17] prop. 5.5.10(i) this group is a free Λ-module with rank equal to the the Λ-corank of
We claim that all the groups in this exact sequence are finite. Since
is finite, therefore the first and last terms of the sequence are finite. So we only have to show that
Γn is finite. This is easily seen by taking Pontryagin duals and noting that
* is a finitely generated Λ-module by [13] theorem 4.5). Therefore we have seen that all the groups in the above exact sequence are finite and so by taking inverse limits the sequence remains exact
The groups E(K ∞ )[p ∞ ]/p m are finite of bounded order as m varies whence the groups
Γn and M p m (E/K ∞ ) Γn are finite of bounded order as n and m vary. It follows that the first and last inverse limits in the above sequence are finite.
Therefore the map
Γn has finite kernel and cokernel which shows that
and as observed before we have
From the observations above, we see that it suffices to prove that the map Ξ :
induced by restriction has Λ-torsion cokernel. We do this by means of a control theorem. Consider the following commutative diagram
In the commutative diagram above the sets S n and S ∞ are the sets of primes above S in K n and K ∞ respectively and the vertical maps are restriction. Taking inverse limits over n and m in the above, we get another commutative diagram
From the snake lemma, we see that in order to show that coker Ξ is Λ-torsion, we only have to show that both ker Ξ ′′ and coker Ξ ′ are Λ-torsion. Since cd p (Γ) = 1, therefore it follows that coker Ξ ′ = 0. Now we deal with ker Ξ ′′ . Primes in S that split completely in K ∞ /K do not contribute anything to ker Ξ ′′ so we may assume that S has no such primes. Now choose an M such that #S M = #S ∞ and let m = #S M . For every n ≥ M we label the primes in S n as v 1 , v 2 , ..., v m and the primes of S ∞ as w 1 , w 2 , ..., w m . We choose a labelling such that if k ≥ j ≥ M then w i ∈ S ∞ lies above v i ∈ S k lies above v i ∈ S j . With this labelling we have
where the inverse limit is taken over n with respect to the corestriction maps and over m with respect to multiplication-by-p. For any n ≥ M and any i we have Gal(K ∞,wi /K n,vi ) = Γ n , therefore if g is a topological generator of Γ we have
For sufficiently large n we have wi ) ) means the Tate module of E(K ∞,wi )). It follows that ker Ξ ′′ is Λ-torsion which completes the proof.
Throughout the rest of the section let K be a number field, E an elliptic curve defined over K and p a rational prime such that E has good supersingular reduction at all primes of K above p. Let K ∞ /K be a Z p -extension such that every prime of K above p ramifies. We will assume that (i)
Finally we let S n and S ∞ be the set of primes of K n and K ∞ above the primes in S, respectively.
The first key result is Proposition 2.3. For any prime w of K ∞ above p we have
Proof. Let v be the prime of S below w. Since by assumption v ramifies in K ∞ /K therefore the extension K ∞,w /K v is deeply ramified in the sense of [5] . Therefore the result follows as explained in [9] pg. 70.
Now we need
Proposition 2.4. The map
Proof. To understand coker ψ ∞ we use the Cassels-Poitou-Tate exact sequence [6] . First for any n and m we define Sel
Then for any n ≥ 0 the Cassels-Poitou-Tate exact sequence is
) (inverse limit with respect to multiplication-by-p).
Taking the direct limit of the above sequence with respect to restriction over n we get
n with regards to corestriction and over m with regards to multiplication-by-p). By assumption, we have
and so we see from the above sequence that coker ψ ∞ is isomorphic to S(E/K ∞ )
* . We will show that coker ψ ∞ = 0 by showing that the Pontryagin dual of coker ψ ∞ is Λ-torsion while
First we show that coker ψ ∞ is Λ-cotorsion. We will also prove that it is cofinitely generated over Λ since we will need this fact later. We do this by actually showing that
] is cofinitely generated cotorsion over Λ. Note that by proposition 2.3 we may (and will) assume that S ∞ contains no primes above p. We will also assume that S ∞ contains no complex archimedean primes since they contribute nothing to the group J. Write S ∞ = T · ∪ T ′ where T is the set of all the primes of K ∞ above those primes of S that do not split completely in K ∞ /K and T ′ is its complement containing all primes of S ∞ that lie above a prime of K that splits completely in
is a cofinitely generated Z p -module and hence the same is true for
. Therefore J T is a cofinitely generated Z p -module.
Now we deal with J T ′ . Let S ′ be the set of primes of K that split completely in K ∞ /K. For any such prime v ∈ S ′ we let
the sum runs over all primes of
is finite (see [11] prop. 1.3). If v is non-archimedean, then by Tate duality for abelian varieties over local fields ([16] I-3.4):
× T where l = p is the characteristic of the residue field of K v and T is a finite group. It follows that lim
is finite in the non-archimedean case also. This proves that J
is finite which shows that J T ′ is cofinitely generated over Λ. Also for any w ∈ T ′ we have
where v is the prime of K below w and by what we just showed this is a finite group. All together this shows that J T ′ is a cofinitely generated Λ-module that is annihilated by some power of p.
Thus we have shown that J = A × B (decomposition as cofinitely generated Λ-modules) where A is a cofinitely generated Z p -module and B is a torsion Z p -module that is annihilated by some power of p. This shows that J * is a finitely generated Λ-torsion module and hence the same is true of coker ψ ∞ . Now we prove that S(E/K ∞ ) is Λ-torsion-free. First consider the groups
Γn and the group Y := lim ← − n,m
To see this, note that the natural map from Sel p m (E/K ∞ ) to 
Since Y ′ is Λ-torsion-free, therefore to show that S(E/K ∞ ) is Λ-torsion-free, it will suffice to show that the map Ξ is an injection. From the commutative diagram this will be shown once we show that Ξ ′ is an injection. We have
Since by assumption E(K ∞ )[p ∞ ] is finite, it follows that for any n ≥ 0 that lim The next 2 lemmas are the most important ingredients in our proof Lemma 2.5. We have a pseudo-isomorphism
Proof. The exact Kummer sequences
and
where the 0 at the right of the lower sequence is because
) and ψ is surjective by proposition 2.4, therefore by the snake lemma we get the following exact sequence
Now consider the following commutative diagram
and ψ ′ is surjective by proposition 2.4, therefore by the snake lemma we get an exact sequence
This sequence in turn gives the following exact sequence
From the sequences (8) and (11) we get the following exact sequence
For any n ≥ 0 this sequence induces another exact sequence
We claim that each of the terms in this exact sequence is finite. Clearly it will suffice to prove that the second term and fourth term are finite. Since Sel p ∞ (E/K ∞ ) * is a finitely generated Λ-module (see [13] Γn , it follows that the fourth term is finite. Therefore we have seen that all the terms in the sequence (13) are finite so by taking inverse limits the sequence remains exact
By lemma 2.1(i) the second term in the above sequence is pseudo-isomorphic tȯ
. Therefore to prove the lemma it will suffice to show that the first term and img θ in the above sequence are both finite.
First we deal with img θ. Consider the group J := w∈S∞
Γn is a finitely generated (coker φ m ) Γn is also a finitely generated Z p -module.
We now prove that the group lim ← − n,m
Γn is a torsion Z p -module.
Taking into account the fact that
with this isomorphism we get an injection
Γn is a Z p -torsion module and hence from the injection above the same is true for lim
Therefore img θ is a Z p -torsion module. It is also a finitely generated Z p -module since lim ← − n,m (coker φ m ) Γn is finitely generated over Z p as shown above. This implies that img θ is finite as claimed. We now deal with lim ← − n,m (coker φ m ) Γn . We will actually show this group is trivial.
In the proof of proposition 2.4 we have shown that J = A × B where A is a cofinitely generated Z p -module and B is a torsion Z p -module that is annihilated by p t for some t. For any m ≥ 0, coker φ m is the quotient of
Γn . Note that the transition map on the first index is the norm map and on the second index it is multiplication-by-p. For each (n, m) ∈ Z ≥0 × Z ≥1 choose a n,m ∈ A[p m ] and b n,m ∈ B[p m ] such that α n,m is represented by (a n,m , b n,m ) Now let (n, m) ∈ Z ≥0 × Z ≥1 . We will show that α n,m = 0. Recall that p t annihilates B. Consider (a n,m ′ , b n,m ′ ) where
To see this, note that since A is cofinitely generated over Z p , therefore A[p m ′ ] is finite and hence is fixed by Γ n ′ for some n ′ ≥ n. Since for any n ′′ > n ′ we have We now define K n,m to be the kernel of the map (induced by restriction)
Lemma 2.6. We have a pseudo-isomorphism
where A n,m is the image of the map
and B n,m is the image of the map
Applying the snake lemma to the diagram (19) we get an exact sequence
We claim that each of the terms in this exact sequence is finite. To simplify arguments, we prove this fact subject to the condition that n ≥ N where N ≥ 0 is an integer such that K ∞ /K N is totally ramified at all primes of K N above p and such that every prime of K N that does not split completely in K ∞ /K N is inert in this extension. Clearly it will suffice to prove that the first, third and fourth terms are finite. In what follows all inverse limits with indices involving n will be taken over
m is finite, therefore ker φ n,m is finite. Moreover, the order of coker φ n,m is finite as we will need this later. We write S ∞ = S p · ∪ S split · ∪ S nsplit where S p is the set of primes of S ∞ above p and S split is the set of primes in S ∞ above those in S that split completely in
is finite. Let w ∈ S p . Note that by the condition on n, Γ n acts on E(K ∞,w )/p m . We let Tor(E(K ∞,w ) be the Z-torsion subgroup of E(K ∞,w ) and E(K ∞,w ) Tor := E(K ∞,w )/Tor(E(K ∞,w )). We have an exact sequence . Let w ∈ S nsplit . We claim that E(K ∞,w ) ⊗ Q p /Z p = 0. To see this, it will suffice to show for any
Now we turn to the group (E(K
× T where l = p is the characteristic of the residue field of K t,w and T is a finite group. It follows from this that E(K t,w ) ⊗ Q p /Z p = 0 and hence the sum runs over all primes of K ∞ lying over v. We claim that
To simplify matters, we prove this for n = 0 (for arbitrary n the proof is similar). The group C v is a direct limit of induced Γ-modules and hence by Shapiro's lemma it follows that
All in all, we see from the above for any n ≥ N, m ≥ 1 that D(n, m) is finite and that lim ← − n,m D(n, m) is also finite. It follows that coker φ n,m is finite and that lim ← − n,m coker φ n,m is also finite.
Finally we prove that ker ψ
Γn we easily see that by taking Pontryagin duals that it suffices to prove that
* is a finitely generated Λ-module. To show this last fact we have to show that
is cofinitely generated over Z p . Since cd p (Γ) = 1, therefore we have a surjection
is cofinintely generated over Z p i.e. we must show that 
is cofinitely generated over Z p . This proves that ker ψ ′ n,m is finite.
We have now shown that each of the terms in the exact sequence (20) are finite and so by taking inverse limits the sequence remains exact Therefore to prove the lemma we only have to show that lim
To show this, first consider the exact sequence
The surjectivity of ψ ′ is due to proposition 2.4. This exact sequence induces another sequence
We break this sequence into 2 exact sequences
Taking Γ n -coinvaraints of both these sequences we get 
We claim the each of the terms in the sequences (28) and (29) Now we deal with the sequence (29). We know that Sel p ∞ (E/K ∞ ) * is a finitely generated Λ-module (see [13] 
